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Abstract—In this work, we propose the deployment of a multi-
functional surface (MFS) with both coupled and independent
phase-shift architectures to support integrated sensing and com-
munication (ISAC) networks. Specifically, the MFS is divided into
two functional components: an amplify-then-transmit-and-reflect
part and a sensing part, which together help to mitigate the multi-
fading effect (MFE), enable full-angle coverage, and facilitate
target sensing. We first derive a closed-form expression for
the Cramér-Rao bound (CRB) associated with two-dimensional
angle-of-arrival (AoA) estimation assisted by the MFS. We then
formulate CRB minimization problems under various practical
constraints for both coupled and independent phase-shift con-
figurations. To address the non-convex nature and complexity
of the resulting optimization problems, we introduce several
efficient solution strategies. In particular, we employ penalty
dual decomposition (PDD) and block coordinate descent (BCD)
methods to decouple the optimization variables. For the coupled
phase-shift case, we further derive closed-form solutions for
subproblems introduced by the PDD framework. Numerical and
simulation results confirm that the proposed scheme achieves a
significantly lower root CRB compared to baseline approaches,
especially when amplifiers are integrated into the MFS and the
more practical independent phase-shift design, despite its higher
manufacturing cost, is considered.

Index Terms—Integrated sensing and communication, multi-
functional surface, Cramér-Rao bound, coupled phase-shift,
independent phase-shift.
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I. INTRODUCTION

AS ONE of the key technologies for sixth-generation (6G)
communication, integrated sensing and communication

(ISAC) is expected to address the issue of spectrum con-
gestion caused by the separate allocation of resources for
sensing and communication. In particular, base stations (BSs)
and radars are traditionally used for wireless communica-
tion and sensing, respectively. However, deploying separate
hardware for each function incurs high equipment costs.
Additionally, both functions compete for limited spectrum
resources, making spectrum efficiency increasingly critical.
Given the similarity in signal processing techniques for com-
munication and sensing [1], it is natural to integrate them
into a shared hardware platform. To realize this integra-
tion, [2] proposed a branch-and-bound algorithm to obtain a
globally optimal waveform design for multiple-input multiple-
output (MIMO) dual-functional radar-communication (DFRC)
systems. Numerical results showed that communication per-
formance could be significantly improved with only a slight
degradation in radar performance. Further, [3] introduced a
Cramér-Rao bound (CRB) minimization problem for both
point and extended targets for the first time, demonstrating
that CRB serves as a reliable performance metric for sensing.

However, when users or targets are located in unfavorable
propagation environments, such as when direct paths are
blocked by obstacles, sensing and communication performance
can degrade significantly. To overcome this, [4], [5], [6]
proposed the use of reconfigurable intelligent surfaces (RISs)
to equip multiple controllable reflective elements [7]. These
can reroute signals around obstacles by optimizing passive
beamforming. Due to the half-space coverage limitation of
traditional RISs, [8] and [9] proposed the simultaneously trans-
mitting and reflecting RIS (STAR-RIS) to achieve full-space
coverage. This is particularly suitable for ISAC applications
where users and targets may be located on opposite sides of
the RIS. Hence, deploying STAR-RIS in ISAC systems can
improve both communication and sensing performance [10],
[11], [12].

From both communication and sensing perspectives, how-
ever, STAR-RIS systems can suffer from severe path
loss due to the multiplicative fading effect (MFE) in
the BS→RIS→user and BS→RIS→target→RIS→BS links.
To mitigate this, [10], [11] proposed adding sensors to
STAR-RIS forming a simultaneously transmitting and reflect-
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ing surface (STARS). In this configuration, the sensing task
is offloaded to the embedded sensors, thereby shortening the
sensing link to BS → RIS → target → RIS, effectively
reducing the MFE.

Alternatively, the MFE can be addressed by equipping
STAR-RIS with amplifiers, resulting in what is known as an
active STAR-RIS [13]. This design offers both MFE mitigation
and full-space coverage, improving the capabilities of both
traditional STAR-RIS [9] and active RIS [14]. As an appli-
cation of active STAR-RIS in ISAC, [15] investigated a joint
optimization framework that maximizes the sum rate of users
while satisfying signal-to-interference-plus-noise ratio (SINR)
constraints for targets. Their results confirm that active STAR-
RIS outperforms STAR-RIS, active RIS, and conventional RIS
in sensing performance. To further mitigate the MFE, [16]
proposed integrating sensors into active STAR-RIS, creating a
multi-functional surface (MFS) for ISAC. This configuration
not only eliminates one hop (the RIS→BS link) in the echo
sensing path but also amplifies both transmitted and reflected
signals. Despite this advancement, the general sensing perfor-
mance metric, CRB, has not yet been considered in the context
of MFS-assisted ISAC systems. CRB, which quantifies the
lower bound on mean squared error (MSE) for unbiased esti-
mators [3], is a fundamental benchmark for evaluating sensing
performance. However, due to the amplifiers introduced in
MFS, active RIS, and active STAR-RIS, the dynamic noise
generated complicates the CRB analysis. In [17], the authors
studied CRB for one-dimensional (1D) angle-of-arrival (AoA)
estimation using a uniform linear array (ULA)-based active
RIS, incorporating the effect of dynamic noise. The CRB
analysis for amplifier- and sensor-assisted uniform planar array
(UPA)-based MFS has not been explored. Consequently, the
explicit optimization of CRB as a system-level performance
metric remains an open challenge. Furthermore, according
to the active STAR-RIS architecture in [13], the use of a
90◦ hybrid coupler is crucial to minimize power loss for
the incident signal. This architectural choice leads to lower
manufacturing costs for coupled phase-shift designs and higher
costs for independent phase-shift designs. Despite these impli-
cations, the impact of phase-shift architecture on beamforming
design in MFS/active STAR-RIS-assisted ISAC systems has
not been fully investigated.

Motivated by the above, in this work, we investigate
the minimization of the CRB in an MFS-aided ISAC sys-
tem, considering both coupled and independent phase-shift
architectures. Our focus is on two-dimensional (2D) AoA
estimation at the MFS. The main contributions of this work
are summarized as follows:

1) We propose an MFS-based ISAC framework, where
the MFS comprises amplify-then-transmit-and-reflect
(A&T&R) elements and embedded sensors. This hybrid
structure enables both mitigation of the MFE and
full-space coverage. Furthermore, we account for two
hardware configurations: coupled phase-shift, which
is cost-effective, and independent phase-shift, which
provides more flexibility at the expense of higher
manufacturing costs. Our scheme accommodates both
configurations in the system design.

Fig. 1. Illustration of ISAC system assisted by an MFS.

2) We derive a closed-form expression for the CRB cor-
responding to 2D AoA estimation in the proposed
MFS-aided ISAC system. This CRB quantifies the the-
oretical lower bound of the MSE for target localization.
The derivation is significantly more involved than in
passive RIS cases due to the presence of amplifiers,
which introduce dynamic noise.

3) Based on the derived closed-form CRB, we formulate
CRB minimization problems for both coupled and inde-
pendent phase-shift configurations, subject to various
practical system constraints. To address the challenges
posed by highly coupled optimization variables, which
result in the non-convexity of the formulated prob-
lems, we develop solution frameworks based on penalty
dual decomposition (PDD) and block coordinate descent
(BCD). In particular, to decouple the coupled phase-
shift constraints, we introduce auxiliary variables, which
transform the problem into a more tractable subproblem.
We then derive a closed-form solution for this subprob-
lem, enabling efficient optimization while preserving the
structure of the original problem.

4) Numerical and simulation results demonstrate that
the root CRB achieved by the proposed scheme is
significantly lower than that of existing approaches,
particularly when amplifiers are integrated into the MFS
and the realistic independent phase-shift configuration,
despite its higher manufacturing cost, is employed.

Organization: The remainder of the paper is structured as
follows. Section II presents the system model of the pro-
posed scheme and formulates the CRB minimization problems.
Section III reformulates the original problems into more
tractable forms, highlighting the associated challenges and
the methods developed to address them. Sections IV and V
describe efficient solution techniques for the resulting prob-
lems under the coupled and independent phase-shift cases,
respectively, as outlined in Section III. Section VI provides
simulation results, comparing the performance of the proposed
scheme with various baselines in terms of root CRB. Finally,
Section VII concludes the paper.

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this work, we assume that the direct links between the
BS and the users, as well as between the BS and the target,
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are blocked. To address this, we introduce an MFS into the
ISAC system to provide both communication and sensing
services. The MFS thereby enables full-space coverage and
helps mitigate the MFE. The system model is illustrated in
Fig. 1. Specifically, we consider a BS equipped with Nt
antennas and an MFS comprising Ntot = N + Ns elements,
where N and Ns denote the numbers of A&T&R elements
and sensing elements, respectively. The network also includes
a target and K single-antenna users. For simplicity and without
loss of generality, we assume that the users are located in the
transmission region (T-region) and the target in the reflection
region (R-region). The MFS is logically divided into two parts:
the A&T&R elements, which amplify and simultaneously
transmit and reflect the incoming signals, and the sensors,
which are used to detect and localize the target. The BS and
the MFS are assumed to be connected via a dedicated link to
facilitate information exchange. Based on these two functional
roles of the MFS, the surface can simultaneously support both
communication and sensing services. Specifically, communica-
tion is enabled via the BS→ MFS→ user link, while sensing
is performed through the BS→ MFS→ target→ sensor link.
Let G ∈ CN×Nt denote the channel between the BS and
the MFS, and hk ∈ CN×1 denote the channel between the
MFS and the kth user. The channel between the MFS and
the target will be detailed in II-D. We assume perfect channel
state information (CSI) is available for G and hk, which can be
obtained using state-of-the-art channel estimation techniques
[18], [19].

A. Transmitted Signal

The BS sends precoded signals that integrate sensing
and communication information for K users and
the target, which is given by X = [x1, . . .,xL] =

WSC =
[∑K

k=1wks1,k+
∑K+Nt
a=K+1was1,a, . . .,

∑K
k=1wksL,k+∑K+Nt

a=K+1wasL,a

]
with L denoting the total number of

blocks for transmitting signals and L > Nt [3], where W =
[w1, . . .,wK ,wK+1, . . .,wK+Nt ] ∈ CNt×(K+Nt) denotes
the precoding matrix, and SC ∈ C(K+Nt)×L = [s1, . . ., sL]
collects all signals with sl = [sl,1, . . ., sl,K+Nt ]

T . Note that∑K
k=1wksl,k,∀l ∈ L , {1, . . ., L} represents the precoded

communication signals at the lth block intended for K users,
while

∑K+Nt
a=K+1wasl,a,∀l ∈ L represents the dedicated

sensing signals at the lth block intended for the target.
Here, we generate independent Gaussian random signals
for communication signals sl,k,∀k ∈ K , {1, . . .,K}
and pseudo-random coding for sensing signals
sl,a,∀a ∈ A , {K + 1, . . .,K + Nt} [10], [20], and thus
E{sl,bs∗l,b′} = 0,∀b 6= b′,∀b ∈ B , {1, . . .,K + Nt}, b′ ∈ B,
and E{sl,ks∗l,k} = 1,∀k ∈ K. In addition, by letting
x̄l =

∑K+Nt
a=K+1wasl,a,∀l ∈ L collecting all signals tended

for the target at the lth duration time, we have Rs = E{x̄lx̄Hl }
representing the covariance matrix of the dedicated sensing
signal. Then, by noting that 1

LSCSHC = IK for sufficiently
large L, the covariance matrix of the transmitted signal is
expressed as Rx = 1

LXXH ≈WWH =
∑K
k=1wkw

H
k +Rs.

Due to the limited available power at the BS, the power of
transmitted signal should satisfy the following constraint

K∑
k=1

wkw
H
k + Tr (Rs) = Tr (Rx) ≤ Pmax

BS , (1)

where Pmax
BS denotes the maximum available power at the BS.

B. MFS Model

To further mitigate the MFE in both the BS → MFS →
target → sensor and BS → MFS → user links within the
ISAC system, amplifiers are introduced at the MFS, connected
to the corresponding phase shifters, and a smart controller
is employed to exchange information between the MFS and
the BS. As illustrated in Fig. 1 [13], each element of the
MFS is equipped with two amplifiers and two phase shifters:
one amplifier and one phase shifter are associated with the
transmitting path, and the other pair with the reflecting path.
The amplifiers serve to boost the incoming signals for realizing
reflection and transmission signals power. This amplification
is achieved through power supply via the amplifier, enabling
stronger signal re-radiation. In addition, as shown in Fig. 1,
the left and right phase shifters control the transmission and
reflection phase-shift, respectively, where a positive-intrinsic-
negative (PIN) diode is embedded in each phase shifter, and
the phase-shift can be adjusted by controlling its corresponding
biasing voltage via a direct-current (DC) line [7]. This phase
control allows precise steering of electromagnetic wavefronts.
By programming the phase distribution across elements, the
MFS can dynamically reconfigure spatial radiation patterns
to optimize communication. Moreover, the 3-dB 90◦ hybrid
coupler is used to couple incident signal from ports 1 and
2 to ports 3 and 4 as output signal, which can minimize
power loss and thus avoiding the incoming power waste [13].1

To proceed, we denote the region index i ∈ {t, r}, where
t corresponds to the T-region and r to the R-region. The
transmitting or reflecting phase shift matrix for region i is
then defined as Θi = Diag([%i,1e

jθi,1 , . . ., %i,Ne
jθi,N ]T︸ ︷︷ ︸

vi

) with

θi,n and %i,n,∀i ∈ {t, r}, n ∈ N , {1, . . ., N} being the
nth phase-shift and the corresponding amplitude of the nth
phase shifter for i-region, respectively. According to [13],
there are two cases of phase-shift configurations for realizing
simultaneous transmission and reflection as described in the
following subsections.

1) Coupled Phase-Shift: In this configuration, only one
phase shifter and one amplifier are required to enable simul-
taneous transmission and reflection, which is practically
realizable and thus reduces manufacturing costs. To further
investigate the coupled phase-shift configuration, in Fig. 1, we

1In fact, the proposed surface may occur anomalous refraction, which may
degrade the transmission of the MFS. To address this issue, the authors in
[21] and [22] proposed surfaces with two-dimensional planar periodic meta-
grating and all-dielectric quasi-three-dimensional sub-wavelength structures,
respectively, and the potential impact of the proposed scheme on it will
be investigated along with the proposed MFS in our future work, as an
assumption of perfect anomalous refraction can help us to explore the sensing
performance upper bound of the proposed scenario, which could provide
theoretical engineering guidelines.
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first denote V +
u and V −u as input and output signal voltages of

uth port, respectively, then the output and input signal voltages
satisfy the following relationship according to the scattering
matrix of the 90◦ hybrid [13]:

V −1
V −2
V −3
V −4

 = −
√

2

2


0 0 1 j
0 0 j 1
1 j 0 0
j 1 0 0



V +

1

V +
2

V +
3

V +
4

 , (2)

where the coefficient −
√

2
2 in (2) means that the 90◦ coupler

divides input power equally, with each output port receiving
half the input power (a 3-dB reduction). In this coupled
phase-shift structure, the output voltages at ports 3 and 4 are
respectively given in the following according to (2)

V −3 = −
√

2

2

(
V +

1 + jV +
2

)
,

V −4 = −
√

2

2

(
jV +

1 + V +
2

)
. (3)

Since only one phase shifter and one amplifier at each
element of the MFS are required to enable simultaneous
transmission and reflection in the coupled phase-shift structure,
if the port 1 is available and the port 2 is grounded, we
have V +

1 = G1V
−
1 and V +

2 = 0, where G1 represents the
corresponding complex-valued gain including amplitude and
phase-shift, and thus (3) becomes

V −3 = −
√

2

2
G1V

−
1 ,

V −4 = −
√

2

2
jG1V

−
1 . (4)

Utilizing (2) again, we substitute V −1 = −
√

2
2 (V +

3 + jV +
4 )

into (4), which yields

V −3 =
1

2
G1

(
V +

3 + jV +
4

)
,

V −4 =
1

2
G1

(
jV +

3 − V
+
4

)
. (5)

As a result, the T&R coefficients, θRi,n and θTi,n,∀i, n, can
be derived as:

θRr,n =
V −3
V +

3

∣∣∣∣
V +
4 =0

=
1

2
G1, θ

T
r,n =

V −4
V +

4

∣∣∣∣
V +
3 =0

= −1

2
G1,

θRt,n =
V −4
V +

3

∣∣∣∣
V +
4 =0

=
1

2
jG1, θ

T
t,n =

V −3
V +

4

∣∣∣∣
V +
3 =0

=
1

2
jG1,

(6)

where the superscripts, R and T , in (6) denote the region
that the signal input. It can be observed from (6) that
∠θRr,n − ∠θRt,n = −π/2 and ∠θTr,n − ∠θTt,n = π/2, which
implies that the difference between the reflection phase-shift
and transmission phase-shift is π/2, and thus leading to the
following coupled phase-shift constraints:

%2
r,n + %2

t,n = 1, %i,n ∈ [0, 1], ∀i, n,

|θt,n − θr,n| =
π

2
or

3π

2
, θi,n ∈ [0, 2π) , ∀i, n. (7)

2) Independent Phase-Shift: In this configuration, each
MFS element requires two amplifiers and two phase shifters,
which leads to higher manufacturing costs compared to the
coupled phase-shift case. In this case, we have V +

1 = G1V
−
1

and V +
2 = G2V

−
2 . Based on this, we substitute them into (3),

which yields

V −3 = −
√

2

2

(
G1V

−
1 + jG2V

−
2

)
,

V −4 = −
√

2

2

(
jG1V

−
1 +G2V

−
2

)
. (8)

We substitute V −1 = −
√

2
2 (V +

3 + jV +
4 ) and V −2 =

−
√

2
2 (jV +

3 + V +
4 ) obtained from (2) into (8), resulting in

V −3 =
1

2

(
G1V

+
3 + jG1V

+
4 −G2V

+
3 + jG2V

+
4

)
,

V −4 =
1

2

(
jG1V

+
3 −G1V

+
4 + jG2V

+
3 +G2V

+
4

)
. (9)

Following the same procedure as in (6), the T&R coeffi-
cients in the independent phase-shift case are derived as:

θRr,n = −θTr,n =
V −3
V +

3

∣∣∣∣
V +
4 =0

=
1

2
(G1 −G2) ,

θRt,n = θTt,n =
1

2
j (G1 +G2) . (10)

It can be observed from (10) that, there is no
explicit relationship between the reflection phase-shift and
transmission phase-shift, so that they can be indepen-
dently adjusted to achieve greater degrees of freedom
(DoF) and higher performance improvement compared
to the coupled phase-shift structure, as discussed in
Sec. VI. This results in the following independent phase-shift
constraints:

%2
r,n + %2

t,n = 1, %i,n ∈ [0, 1], ∀i, n,
θi,n ∈ [0, 2π) , ∀i, n. (11)

Therefore, when the coupled phase-shift and the indepen-
dent phase-shift cases are considered, the amplification factor
matrices can be denoted by Pi = Diag([

√
pi,1, . . .,

√
pi,N ])

and P = Diag([
√
p1, . . .,

√
pN ]), with pi,n,∀i ∈ {t, r}, n ∈

N representing the nth amplification factor for i-region
and pn,∀n ∈ N representing the nth amplification factor,
respectively. For simplicity and consistency, we denote the
beamforming matrix at the MFS as Φi,∀i, which is a diagonal
matrix with each diagonal entry characterizing the amplitudes
and phase-shift caused by amplifiers and phase shifters at
the MFS, respectively, without violating (7) and (11) for the
coupled phase-shift and the independent phase-shift cases,
respectively. Specifically, due to the limited available power at
the MFS, the set of beamforming matrices {Φi} must satisfy
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the following non-negativity constraint:2

[Φi]n,n ∈ [0, Pmax
A ] , ∀i, n. (12)

Here, Pmax
A denotes the maximum available power at each

amplifier of the MFS. It is important to note that the inclusion
of amplifiers, which are used to boost incoming signals at the
MFS, also results in the amplification of dynamic noise. As a
result, the power of this amplified noise cannot be neglected
[13], [14]. Accordingly, the MFS is subject to the following
total power constraint:
K∑
k=1

(
‖ΦtGwk‖2 + ‖ΦrGwk‖2

)
+ σ2

I

(
‖Φt‖2F + ‖Φr‖2F

)
+ Tr

(
ΦtGRsG

HΦH
t + ΦrGRsG

HΦH
r

)
≤ Pmax

R ,

(13)

where Pmax
R represents the maximum available power at the

MFS.
Remark 1: In fact, “A&T&R” means the arrangement

sequence of circuit of the element, and the MFS is quiet differ-
ent from the amplify-and-forward (AF) relay. Specifically, for
the proposed scenario with the help of an MFS, the signal is
first transmitted by the BS, and then be directly reflected and
transmitted after colliding with the elements, without reception
and being processed at the elements. In other words, because
the MFS operates in full-duplex mode, the signal transmission
of the BS and the reflection and transmission of the MFS are
synchronized, requiring only one time slot instead of two as
in AF-assisted wireless networks. Furthermore, compared to
wireless communications assisted by MFS without RF chain,
AF relay equipped with RF chain lacks the capability to
reconfigure electromagnetic waves due to the absent of low-
cost phase adjustment circuit [25], [26].

C. Received Signals at Users

Based on the above, the received signal at the kth user is
given by3

yTk = hHk ΦtGX + hHk Φt

[
n1

I , . . .,n
L
I

]︸ ︷︷ ︸
NI

+
[
nlk, . . ., n

L
k

]︸ ︷︷ ︸
nTu

,

(14)

2The concept of the nonlinearity of amplifiers at the MFS can be found in
[23] and [24], where the kind of nonlinear amplifier includes the solid state
power amplifier and the traveling wave tube amplifier, which characterizes
the nonlinearity of the amplifier used for boosting incoming signal at the
RIS. For simplicity, we consider linear amplifiers employed at the MFS in
the proposed scheme, as the linear operation region of the incident signal can
be achieved by properly deploying the amplifiers at this area. In addition, the
linear operation region considered in this paper can assist in conducting better
research for the CRB minimization of ISAC systems with assistance of an
MFS to reveal more foresight.

3The received signal of users reflected by the target is omitted since its
power is extremely weak due to the severe path loss caused by MFE [10].
Moreover, we also ignore signal reflected and transmitted by the MFS more
than twice due to the same reason.

where the received signals are stacked over L duration time
such that yTk =

[
y1
k, . . ., y

L
k

]
; nlI ∼ CN

(
0, σ2

I IN
)

represents
the non-negligible dynamic noise at the MFS [14],4 while
nlk ∼ CN

(
0, σ2

u

)
represents the additive white Gaussian noise

(AWGN) received at the users. Thus, the SINR of kth user is
expressed in (15), shown at the bottom of the page.

D. Sensing Model

1) Received Signal at the MFS: Let the round-trip sensing
channel be H̃ = αH with H = h̄rh

T
r , where α denotes the

complex-valued channel coefficient [3], and hr ∈ CN×1 and
h̄r ∈ CNs×1 represent the MFS → target and the target →
sensors links, respectively, both of which are assumed to be
line-of-sight (LoS) links, by properly deploying the MFS to
assist sensing [3], [10], [27].5 According to Fig. 1, h̄r and hr
are respectively given by

h̄r = e−j
2π
λ (d̄x cosϕh sinϕv+d̄z cosϕv), (16)

hr = e−j
2π
λ (dx cosϕh sinϕv+dz cosϕv), (17)

where d̄c ∈ RNs×1 and dc ∈ RN×1,∀c ∈ {x, z} denote the
Cartesian coordinates of the sensors and A&T&R elements on
the c-axis at the MFS, respectively; ϕh and ϕv represent the
azimuth and elevation AoA, respectively; and λ denotes the
wavelength. Then, at the lth time slot, the echo signal reflected
by the MFS at the sensors is given by

ylr = H̃ΦrGxl + H̃Φrn
l
I + nls, (18)

where nls ∼ CN
(
0, σ2

sINs
)

is the AWGN at the sensors. By
stacking ylr in (49), we have[
y1
r, . . .,y

L
r

]︸ ︷︷ ︸
Yr

= H̃ΦrGX + H̃ΦrNI +
[
n1
s, . . .,n

L
s

]︸ ︷︷ ︸
Ns

. (19)

2) Derivation of the CRB Matrix: The CRB matrix is an
estimation metric used for evaluating the target estimation,
which is a lower bound on the variance of the unbiased
estimator [3]. In this work, we derive the CRB matrix for
the target estimation based on an UPA-type MFS. To pro-
ceed, we define the estimation parameters vector as ζ =
[ϕh, ϕv,Re {α} , Im {α}]T and the possibility density function
(PDF) of Yr is f(Yr; ζ). Then, the Fisher information matrix

4As verified in [14], the power of the dynamic noise increases nearly
linearly with the amplification factor of the amplifier, and thus demonstrating
the correctness of signal expression in (14), for which the dynamic noise
power cannot be neglected for the proposed scheme.

5The LoS link can be constructed by properly deploying the MFS to better
sense the target, and the key parameters for the CSI of MFS → target link,
i.e., the complex-valued channel coefficient and the angles of target, can be
obtained by the multiple signal classification [28]. Additionally, the AoAs of
the target changes very slowly between two adjacent coherence blocks, which
is sufficient for beamforming design and performing target tracking based on
the previous coherence blocks.

γk =

∣∣∣hHk ΦtGwk

∣∣∣2∑K
j=1,j 6=k

∣∣∣hHk ΦtGwj

∣∣∣2 + hHk ΦtGRsGHΦH
t hk + σ2

I

∥∥∥hHk Φt

∥∥∥2

+ σ2
u

. (15)
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(FIM) for estimating ζ is F [29], with each element given by
[30]

[F]u,w = −E
{
∂2 ln f (Yr; ζ)

∂[ζ]u∂[ζ]w

}
, ∀u,w = 1, . . ., 4. (20)

Lemma 1: The FIM, F, is given by

F =

[
Jϕϕ Jϕα
JHϕα Jαα

]
∈ C4×4, (21)

where each block is given by (50)-(52), shown at the bottom
of the page 14 in Appendix A.

Proof: Please see Appendix A. �
Based on Lemma 1, the CRB for estimating ϕh and ϕv is

derived as
CRBϕ =

[
F−1

]
1:2,1:2

= E−1, (22)

where

F−1 =

[
E−1 F̄
F̄H K

]
,

with E = Jϕϕ − JϕαJ−1
ααJHϕα [31].

Remark 2: Due to the introduction of the dynamic
noise caused by the amplifier at the MFS, the term of
Tr
(
C−1 ∂C

∂ζu
C−1 ∂C

∂ζw

)
shown in Appendix A used for obtain-

ing elements in the FIM matrix is non-negligible, which is
different from previous works that ignore the variance of noise.
Therefore, the beamforming vectors and the MFS precoding
matrix, wk,∀k and Φr should be considered for the term
of Tr

(
C−1 ∂C

∂ζu
C−1 ∂C

∂ζw

)
, which impacts the ISAC system

assisted by the proposed MFS.
The closed-form CRB matrix is derived based on Lemma 1.

Given fixed parameters, α, ϕh, and ϕv , and estimated using
the maximum likelihood method [10], it becomes necessary to
design beamforming strategies that minimize the CRB, thereby
enhancing the overall sensing performance. Accordingly, we
formulate the CRB minimization problem in the subsections
that follow.

E. Problem Formulation

Based on the system model described above, we formulate
a CRB minimization problem subject to several practical con-
straints, including the maximum available power constraints
at the BS and the MFS, the SINR constraint, and the coupled
or independent phase-shift constraint. The problem is formally
stated as follows:

min
{wk},Rs,{Φi}

Tr (CRBϕ) , (23a)

s.t. γk ≥ γ̄k, ∀k, (23b)
Rs � 0, (23c)

(1), (7)/ (11), (12), and (13), (23d)

where (23b) denotes the SINR requirement constraint with
γ̄k being the minimum communication SINR requirement for
the kth user. Problem (23) is challenging to solve due to its
non-convex nature and the presence of coupled variables in
equations (7)/ (11), (13), (23a), and (23b). These complexities
render problem (23) NP-hard. To address this challenge, we
propose a set of efficient solution methods, which are detailed
in the following sections.

III. PRELIMINARIES AND PROBLEM FORMULATION

To address the non-convex and NP-hard nature of problem
(23), we introduce a set of solution methods. First, we decou-
ple the highly coupled variables using the PDD method. Then,
based on the PDD framework, we apply the BCD method
to decompose problem (23) into multiple subproblems. To
proceed, we first transform the original problem into a more
tractable form, as detailed in the following subsection.

A. Reformulation of the Original Problem

It is important to note that each block of the CRB matrix in
(50)-(52) presents specific challenges that hinder beamforming
design: 1) The presence of highly coupled variables as shown

J̃ϕϕ

= 2 |α|2 LRe


Tr

(
B̃−1ḢϕhΩḢH

ϕh

)
Tr
(
B̃−1ḢϕvΩḢH

ϕh

)
Tr
(
B̃−1ḢϕhΩḢH

ϕv

)
Tr
(
B̃−1ḢϕvΩḢH

ϕv

)︸ ︷︷ ︸
J̄ϕϕ

+Y1

Tr
(
B̃−1 ˙̄HϕhB̃

−1 ˙̄Hϕh

)
Tr
(
B̃−1 ˙̄HϕhB̃

−1 ˙̄Hϕv

)
Tr
(
B̃−1 ˙̄HϕvB̃

−1 ˙̄Hϕh

)
Tr
(
B̃−1 ˙̄HϕvB̃

−1 ˙̄Hϕv

)
︸ ︷︷ ︸

¯̄Jϕϕ

,

(24)

J̃ϕα

= 2α∗LRe


Tr

(
B̃−1HΩḢH

ϕh

)
jTr

(
B̃−1HΩḢH

ϕh

)
Tr
(
B̃−1HΩḢH

ϕv

)
jTr

(
B̃−1HΩḢH

ϕv

)︸ ︷︷ ︸
J̄ϕα

+Y2

αRTr
(
B̃−1 ˙̄HϕhB̃

−1H̄
)
αSTr

(
B̃−1 ˙̄HϕhB̃

−1H̄
)

αRTr
(
B̃−1 ˙̄HϕvB̃

−1H̄
)
αSTr

(
B̃−1 ˙̄HϕvB̃

−1H̄
)

︸ ︷︷ ︸
¯̄Jϕα

,

(25)

J̃αα = 2LTr
(
B̃−1HΩHH

)
I2 + 4Lσ4

IZ ‖Φr‖2F︸ ︷︷ ︸
Y3

 α2
RTr

(
B̃−1H̄B̃−1H̄

)
αRαSTr

(
B̃−1H̄B̃−1H̄

)
αRαSTr

(
B̃−1H̄B̃−1H̄

)
α2

STr
(
B̃−1H̄B̃−1H̄

) 
︸ ︷︷ ︸

¯̄Jαα

. (26)
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in the first matrix in (50)-(52), i.e., ΦrGRxG
HΦH

r ; 2) The
occurrence of a fourth-order term, specifically the Frobenius
norm raised to the fourth power, i.e., ‖Φr‖4F; 3) The presence
of a matrix inverse involving optimization variables, i.e.,
B̃−1 = (|α|2σ2

I ‖Φr‖2FH̄ + σ2
sINs)

−1; 4) For the coupled
phase-shift case, the constraint in (7) involves the norm of
a phase difference, which is nontrivial to handle. To address
these challenges, we first adopt the PDD method. Specifically,
we substitute ΦrGRxG

HΦH
r , ‖Φr‖2F, and φi with Ω, Z,

and φ̃i = [
√
p1%̃i,1e

jθ̃i,1 , . . .,
√
pN %̃i,Ne

jθ̃i,N ]T , such that
Ω = ΦrGRxG

HΦH
r , Z = ‖Φr‖2F, and φ̃i = φi,∀i.

This reformulation moves the highly coupled terms into
the objective function, leading to a more tractable structure
for the associated constraints. Then, we have the following
proposition.

Proposition 1: By introducing an auxiliary variable A ∈ H2,
problem (23) in coupled phase-shift case can be equivalently
transformed into

min
∆

Obj, (27a)

s.t.

[
J̃ϕϕ −A J̃ϕα

J̃Hϕα J̃αα

]
� 0, (27b)

PR ≤ Pmax
R , (27c)

Rx �
K∑
k=1

wkw
H
k , A � 0, (27d)

β̃2
r,n + β̃2

t,n ≤ Pmax
A ,

∣∣∣θ̃t,n − θ̃r,n∣∣∣ =
π

2
or

3π

2
,

β̃i,n ≥ 0, θ̃i,n ∈ [0, 2π) , ∀i, n, (27e)
(1), (23b), (27f)

where PR = Tr
(
ΦtGRxG

HΦH
t + Ω

)
+
∑
i σ

2
I ‖Φi‖2F,

Obj = Tr(A−1) + 1
2µ

(
‖Ω−ΦrGRxG

HΦH
r +

µΨ‖2F + |Z − ‖Φr‖2F + µψz|2 +
∑
i ‖φ̃i − φi + µψi‖2

)
,

∆ , {Rx, {wk}, {Φi},Ω, {φ̃i},A, Z, B̃}; µ > 0 denotes
the penalty factor; Ψ, ψz, and ψi are Lagrangian dual
variables; and J̃ϕϕ, J̃ϕα, and J̃αα are given in (24), (25), and
(26), shown at the bottom of the previous page, respectively.
Here, Y1 = L |α|4 σ4

IZ ‖Φr‖2F and Y2 = 2L |α|2 σ4
IZ ‖Φr‖2F.

Proof: First, the terms ‖Ω − ΦrGRxG
HΦH

r + µΨ‖2F,

|Z − ‖Φr‖2F + µψz|2, and
∑
i

∥∥∥φ̃i − φi + µψi

∥∥∥2

in (27a)

means that Ω = ΦrGRxG
HΦH

r , Z = ‖Φr‖2F, and φ̃i =
φi,∀i according to the PDD structure [32], with µ being the
penalty factor as well as Ψ and ψi being the Lagrangian dual
variables. In addition, we can derive (27e) easily by combining
(7) and (12). Moreover, according to Lemma 1 and Proposition
1 as in [10], and Rx =

∑K
k=1wkw

H
k +Rs, problem (23) can

be equivalently transformed into (27), which is a Lagrangian
augmented problem of the original problem (23). �

Similar to Proposition 1, the original problem (23) with
independent phase-shift can be equivalently transformed into

min
∆̄

Tr
(
A−1

)
+

1

2µ

(∥∥∥Ω−ΦrGRxG
HΦH

r + µΨ
∥∥∥2

F

+
∣∣∣Z − ‖Φr‖2F + µψz

∣∣∣2) , (28a)

Algorithm 1 PDD Algorithm for Solving Problem (27) or (28)

1: Initialization: Iteration index u = 1, {Φi}, {φ̃i}, B̃, Ψ(1),
ψ

(1)
z , and {ψ(1)

i }.
2: repeat
3: Optimize augmented Lagrangian problem (27).
4: Output {Φi}, Ω, Rx, Z, and {φ̃i}.
5: Calculate constraint violation ε = max(‖Ω −

ΦrGRxG
HΦH

r ‖∞, |Z−‖Φr‖2F|, ‖φ̃t−φt‖∞, ‖φ̃r−
φr‖∞) for problem (27) or ε = max(‖Ω −
ΦrGRxG

HΦH
r ‖∞, |Z − ‖Φr‖2F|) for problem (28).

6: if ε ≤ ε̄ then
7: Update Ψ(u+1) = Ψ(u) + 1

µ (Ω−ΦrGRxG
HΦH

r ).

8: Update ψ(u+1)
z = ψ

(u)
z + 1

µ (Z − ‖Φr‖2F).

9: Update ψ(u+1)
i = ψ

(u)
i + 1

µ (φ̃i − φi) for problem
(27).

10: else
11: Update µ(u+1) = cµ(u).
12: end if
13: Update ε̄ = cε.
14: Set u = u+ 1.
15: until ε ≤ ε̃.

s.t.
∣∣∣[Φt]n,n

∣∣∣2 +
∣∣∣[Φr]n,n

∣∣∣2 ≤ Pmax
A , ∀n, (28b)

(1), (23b), (27b), (27c), (27d), (28c)

where ∆̄ , {Rx, {wk}, {Φi},Ω,A, Z, B̃}. The details of
the PDD method for solving problem (27) or (28) are given in
Algorithm 1, where ε̄ and ε̃ denote the initializing constraint
violation threshold and constraint violation threshold required
for convergence, respectively, and c denotes the reduction
factor.

B. Challenges and Solution Strategies for the Formulated
Problems

Although the original problem (23) is transformed into a
more tractable form in (27) based on the PDD method, the
non-convexity remains. In particular, we can observe that the
terms, ΦrGRxGΦH

r and ‖Φr‖2F, lead to non-convexity of
the objective function, and the non-convexity of constraints
in (23b), (27b), (27c), and (27e) is due to the same reason.
Therefore, we employ the BCD method to decompose problem
(27) into three (or two) subproblems, thereby decoupling the
optimization variables and simplifying the solution process.
Specifically, for the coupled phase-shift case, there are three
subproblems, i.e., subproblem 1 (optimizing Rx and wk),
subproblem 2 (optimizing {Φi}), and subproblem 3 (optimiz-
ing {φ̃i}); while for the independent phase-shift case, there
are two subproblems, i.e., subproblem 1 and subproblem 2,
mentioned above. The methods for solving these subproblems
are desribed in the following sections. Moreover, since the
inverse of the matrix B̃, B̃−1, contains the optimization
variable Φr, it introduces additional complexity in handling
the CRB matrix, particularly in conjunction with equations
(24)-(26). To address this challenge, we approximately update
B̃ in each BCD iteration, after solving the three (or two)
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subproblems corresponding to the coupled or independent
phase-shift cases, respectively, and continue this process until
convergence is achieved [17].

IV. CRB OPTIMIZATION FOR COUPLED PHASE-SHIFT
CASE BASED ON BCD METHOD

For the coupled phase-shift case, problem (27) is decom-
posed into three subproblems. The solution methods for these
subproblems are presented in the following subsections.

A. Optimize Beamformer at the BS

For any given {Φi}, {φ̃i}, and B̃, we have the following
subproblem with respect to optimizing Rx and {wk}

min
∆w

Tr
(
A−1

)
+

1

2µ

(∥∥∥Ω−ΦrGRxG
HΦH

r + µΨ
∥∥∥2

F

+
∣∣∣Z − ‖Φr‖2F + µψz

∣∣∣2) , (29a)

s.t. (1), (23b), (27b), (27c), (27d), (29b)

where ∆w , {Rx, {wk},Ω,A, Z}. It can be seen that
constraint (23b) is non-convex due to the fractional form
and quadratic term arising from wk. To address this, we
first reformulate constraint (23b) into the following by letting
R̄k = wkw

H
k :(

1 +
1

γ̄k

)
Tr
(
H̃kR̄k

)
≥ Tr

(
H̃kRx

)
+ δk, ∀k, (30)

where H̃k = h̃kh̃
H

k with h̃k = GHΦH
t hk, and δk =

σ2
I ‖h

H
k Φt‖2 + σ2

u. Due to the introduction of R̄k = wkw
H
k ,

the rank-one constraint is unavoidable, leading to the following
reformulated problem:

min
∆̄w

Tr
(
A−1

)
+

1

2µ

(∥∥∥Ω−ΦrGRxG
HΦH

r + µΨ
∥∥∥2

F

+
∣∣∣Z − ‖Φr‖2F + µψz

∣∣∣2) , (31a)

s.t. Rank
(
R̄k

)
= 1, ∀k, (31b)

R̄k � 0, (31c)
(1), (27b), (27c), (27d), (30) (31d)

where ∆̄w , {Rx, {R̄k},Ω,A, Z}. Constraints (31b) and
(31c) are necessary due to the introduction of R̄k = wkw

H
k .

Although constraint (31b) is non-convex, it can be relaxed or
removed to improve tractability. Subsequently, problem (31)
can be solved using convex optimization solvers such as CVX
[33]. However, then resulting solution for R̄k may not satisfy
the rank-one requirement, since constraint (31b) is omitted
in the relaxed formulation. Fortunately, a rank-one solution
can be constructed from the obtained R̄k. Specifically, by
denoting the solution of the relaxed version of problem (31) as{
R?
x, R̄

?
1, . . ., R̄

?
K

}
, the globally optimal solution of problem

(31),
{

R̂x,
ˆ̄R1, . . .,

ˆ̄RK

}
, is given in the following according

to [20, Theorem 1]

R̂x = R?
x,

ˆ̄Rk = w?
k (w?

k)
H
, ∀k, (32)

where w?
k =

(
h̃
H

k R̄?
kh̃k

)− 1
2

R̄?
kh̃k.

B. Optimize Beamforming Matrix at the MFS

For any given {φ̃i}, Rx, {wk}, Ω, A, Z, and B̃, the
problem of optimizing {Φi} is expressed as follows:

min
{Φi}

∥∥∥Ω−ΦrGRxG
HΦH

r + µΨ
∥∥∥2

F
+
∣∣∣Z−‖Φr‖2F + µψz

∣∣∣2
+
∑
i

∥∥∥φ̃i − φi + µψi

∥∥∥2

, (33a)

s.t. (23b), (27b), (27c). (33b)

Note that the objective function and constraints in (33)
are non-convex, due to the presence of coupled variables
Φi. To address this challenge, we first let V̄i = φ̄iφ̄

H
i

with φ̄i = [φTi , 1]T . Then, the eigenvalue decomposition
of GRxG

H is GRxG
H =

∑B
b=1 diag(Qb)(diag(Qb))

H ,
where Qb = λbDiag(ub) with λb and ub denoting the bth
eigenvalue and the corresponding eigenvector, respectively.
Based on this, problem (33) can be reformulated as

min
{V̄i}

∥∥∥∥∥Ω−
B∑
b=1

Q̄bV̄rQ̄
H
b +µΨ

∥∥∥∥∥
2

F

+
∣∣∣Z − Tr

(
Ṽr

)
+ µψz

∣∣∣2
+
∑
i

Tr
(
ΞiV̄i

)
, (34a)

s.t. γ̃kTr
(

¯̄HkV̄t

)
≥ Tr

(
ŪkV̄

∗
t

)
+ σ2

I Tr
(

¯̂
HkV̄

∗
t

)
, ∀k,

(34b)[
˜̃Jϕϕ −A ˜̃Jϕα

˜̃JHϕα
˜̃Jαα

]
� 0, (34c)

B∑
b=1

Tr
(
Q̄bV̄tQ̄

H
b

)
+ Tr (Ω) + M̃ ≤ Pmax

R , (34d)

V̄i � 0, ∀i, (34e)

Rank
(
V̄i

)
= 1, ∀i, (34f)[

V̄i

]
N+1,N+1

= 1, ∀i, (34g)

where

Ξi =

[
IN φ̃i

φ̃
H

i 0

]
,

¯̂
Hk =

[
Diag

(
hHk

)
Diag (hk) 0N×1

01×N 0

]
,

¯̄Hk =

[
h̄kh̄

H
k 0N×1

01×N 0

]
, Ūk =

[
Uk 0N×1

01×N 0

]
,

with h̄k = Diag(wH
k GH)hk and Uk =

Diag
(
hHk

)
GRxG

HDiag (hk); γ̃k = 1 + 1
γ̄k

;

M̃ = σ2
I Tr

(
Ṽt + Ṽr

)
; Ṽr = [V̄r]1:N,1:N ; ˜̃Jϕϕ = J̄ϕϕ+

Ỹ1
¯̄Jϕϕ, ˜̃Jϕα = J̄ϕα + Ỹ2

¯̄Jϕα, and ˜̃Jαα = J̄αα + Ỹ3
¯̄Jαα

with Ỹ1 = L|α|4σ4
IZTr(Ṽr), Ỹ2 = 2L|α|2σ4

IZTr(Ṽr), and
Ỹ3 = 4Lσ4

IZTr(Ṽr), respectively; and Q̄b = [Qb,0N×1].
It can be seen that, after dropping the non-convex rank-one
constraint in (34f), problem (34) is convex with respect to
V̄i, and thus it can be readily solved using existing solvers
[33]. The rank-one solution can be recovered using Gaussian
randomization or eigenvalue decomposition. Fortunately,
for the relaxed version of problem (34), our numerical
evaluations indicate that a rank-one solution can always be
obtained in the coupled phase-shift case. As a result, the
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rank-one solution can be efficiently recovered via eigenvalue
decomposition without any performance loss.

C. Optimize Auxiliary Variables

For any given Rx, {wk}, {Φi}, Ω, A, Z, and B̃, the
problem with respect to {φ̃i} is given by

min
{φ̃i}

∑
i

∥∥∥φ̃i − φi + µψi

∥∥∥2

, (35a)

s.t. (27e). (35b)

Note that problem (35) is non-convex due to the quadratic
terms and phase difference constraint as in (27e). To address
this challenge, we first transform problem (35) into the fol-
lowing

min
{β̃i,n},{θ̃i,n}

∑
i

N∑
n=1

(
β̃2
i,n + 2Re

{
χ∗i,nβ̃i,ne

jθ̃i,n
})

, (36a)

s.t. (27e), (36b)

where χi,n = [−φi + µψi]n. It can be observed that the
optimization variables β̃i,n and θ̃i,n are coupled. To address
this, we employ the alternating optimization (AO) method,
which splits problem (36) into two subproblems for improved
tractability. The first subproblem optimizes {β̃i,n}, and the
second subproblem optimizes {θ̃i,n}.

1) Optimize {β̃i,n}: For any given {θ̃i,n}, the subproblem
of optimizing {β̃i,n} is formulated as follows:

min
{β̃i,n}

∑
i

N∑
n=1

(
β̃2
i,n + 2Re

{
χ∗i,nβ̃i,ne

jθ̃i,n
})

, (37a)

s.t. β̃2
t,n + β̃2

r,n ≤ Pmax
A , β̃i,n ≥ 0, ∀i, n. (37b)

To solve problem (37), we have the following proposition.
Proposition 2: By letting ai,n = 2Re

{
χ∗i,ne

jθ̃i,n
}
,∀i, n, the

optimal closed-form solution of problem (37) is given by
1) When at,n ≥ 0 and ar,n ≥ 0:

β̃r,n = 0, β̃t,n = 0. (38)

2) When at,n < 0 and ar,n ≥ 0:β̃r,n = 0 and β̃t,n = −at,n
2
, if 1 ≥ | at,n

2
√
Pmax

A

|,

β̃r,n = 0 and β̃t,n =
√
Pmax

A , Otherwise.
(39)

3) When at,n ≥ 0 and ar,n < 0:β̃r,n = −ar,n
2

and β̃t,n = 0, if 1 ≥ | ar,n

2
√
Pmax

A

|,

β̃r,n =
√
Pmax

A and β̃t,n = 0, Otherwise.
(40)

4) When at,n < 0 and ar,n < 0:β̃r,n=−ar,n
2

and β̃t,n=−at,n
2
, if

∑
i a

2
i,n

4 ≤ Pmax
A ,

β̃r,n = ςr,n and β̃t,n = ςt,n, Otherwise,
(41)

where ςi,n = − ai,n
√
Pmax

A√
a2t,n+a2r,n

,∀i, n.

Proof: Please see Appendix B. �

Algorithm 2 AO Algorithm for Solving Problem (36)

1: Input: {Φi}, Rx, {wk}, Ω, A, Z, and B̃.
2: repeat
3: Update {β̃i,n} by (38)-(41).
4: Update {θ̃i,n} by (43).
5: until the fractional reduction of the objective in (36a) falls

below the predefined threshold.
6: Output: [φ̃i]n = β̃i,ne

jθ̃i,n .

2) Optimize {θ̃i,n}: For any given {β̃i,n}, the subproblem
of optimizing {θ̃i,n} is expressed as

min
{θ̃i,n}

∑
i

N∑
n=1

Re
{
χ∗i,nβ̃i,ne

jθ̃i,n
}
, (42a)

s.t.
∣∣∣θ̃t,n − θ̃r,n∣∣∣ =

π

2
or

3π

2
, θ̃i,n ∈ [0, 2π) , ∀i, n.

(42b)

Although problem (42) is non-convex arising from the non-
convex constraint (42b), the optimal closed-form solution of
problem (42), θ̃i,n,∀i, n, is given in the following according
to [10, Proposition 3]

θ̃r,n =
3

2
π − ∠ςn and θ̃t,n = π − ∠ςn or

θ̃r,n =
1

2
π − ∠ς̄n and θ̃t,n = π − ∠ς̄n,

(43)

where ςn = κt,n + jκr,n and ς̄n = κt,n−jκr,n with κi,n =
χ∗i,nβ̃i,n,∀i, n. The solution is selected from one of two pairs
in (43) such that the objective value in (42a) is minimized.

Based on Proposition 2 and (43), we iteratively update the
optimal closed-form solutions of problems (37) and (42), until
the convergence is achieved. The details of the AO method
used to solve problem (36) are provided in Algorithm 2.

D. Update B̃

Based on the optimized variable Φr after solving problem
(34), B̃ can be updated as follow

B̃ = |α|2 σ2
I ‖Φr‖2F H̄ + σ2

sINs . (44)

E. Overall Algorithm

Based on the preceding subsections, the details of the
BCD method used to optimize problem (27) are presented in
Algorithm 3. Following this, problem (27) is solved using
the BCD method as described in Step 3 of Algorithm 1.
After obtaining a solution, the optimization variables are
used to evaluate constraint violations, and the penalty fac-
tor along with the Lagrangian dual variables are updated
accordingly (see Steps 4–13 in Algorithm 1). This process
is repeated until convergence is achieved (see Step 15 in
Algorithm 1) [32]. The computational complexity associ-
ated with solving problem (27) is analyzed as follows: 1)
the computational complexity of optimizing subproblem 1
is O(((K + 3)6.5N6.5

t + N6.5) log(1/ε)) according to [10],
where ε represents the solution accuracy; 2) the computational
complexity of optimizing subproblem 2 is O(((K+4)6.5(N+
1)6.5) log(1/ε)); 3) the computational complexities of updat-
ing {β̃i,n} and {θ̃i,n} are O(8N) and O(4N), respectively.
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Algorithm 3 BCD Algorithm for Solving Problem (27) or
(28)

1: Input: {Φi}, {φ̃i}, B̃, Ψ, ψz, {ψi}, and µ.
2: repeat
3: Solve problem (31), and recover rank-one solution by

(32).
4: Solve problem (34) for coupled phase-shift case or (45)

for independent phase-shift case.
5: Solve problem (36) for coupled phase-shift case by

Algorithm 2.
6: Update B̃(x+1) by (44).
7: until the fractional reduction of the objective in (27a) falls

below the predefined threshold.
8: Output: Rx, Ω, {Φi}, Z, and {φ̃i}.

V. CRB OPTIMIZATION FOR INDEPENDENT PHASE-SHIFT
CASE BASED ON BCD METHOD

For the independent phase-shift case, problem (28) is
decomposed into two subproblems. The solution methods for
these subproblems are presented in the following subsections.

A. Optimize Beamformer at the BS

For any given {Φi}, {φ̃i}, and B̃, the subproblem of
optimizing ∆w follows the same procedure as previously
described. The corresponding rank-one solution can be recov-
ered by (32).

B. Optimize Beamforming Matrix at the MFS

Due to the absence of auxiliary variables {φ̃i}, the sub-
problem of optimizing the beamforming matrix {Φi} for any
given Rx, {wk}, Ω, A, Z, and B̃, is different from the coupled
phase-shift case. Specifically, by letting Vi = φiφi,∀i, prob-
lem (28) with respect to optimizing {Φi} can be equivalently
rewritten as

min
{Vi}

∥∥∥∥∥Ω−
B∑
b=1

QbVrQ
H
b + µΨ

∥∥∥∥∥
2

F

+|Z − Tr (Vr) + µψz|2 ,

(45a)

s.t. γ̃kTr
(
H̄kVt

)
≥ Tr (UkV

∗
t ) + σ2

I Tr
(
ĤkV

∗
t

)
, ∀k,

(45b)[
Ĵϕϕ −A Ĵϕα

ĴHϕα Ĵαα

]
� 0, (45c)

B∑
b=1

Tr
(
QbVtQ

H
b

)
+ Tr (Ω) +M ≤ Pmax

R , (45d)

[Vt]n,n + [Vr]n,n ≤ P
max
A , ∀n, (45e)

Vi � 0, ∀i, (45f)
Rank (Vi) = 1, ∀i, (45g)

where H̄k = h̄kh̄
H
k ; Ĥk = Diag(hHk )Diag(hk); Ĵϕϕ =

J̄ϕϕ + Ȳ1
¯̄Jϕϕ, Ĵϕα = J̄ϕα + Ȳ2

¯̄Jϕα, and Ĵαα =
J̄αα + Ȳ3

¯̄Jαα with Ȳ1 = L|α|4σ4
IZTr(Vr), Ȳ2 =

2L|α|2σ4
IZTr(Vr), and Ȳ3 = 4Lσ4

IZTr(Vr), respectively;
and M = σ2

I Tr (Vt + Vr). Similar to problem (34), we

relax the rank-one constraint in (45g), thereby making problem
(45) convex and solvable using well-established optimization
toolboxes [33]. If the resulting solution does not have rank one,
Gaussian randomization [34] can be employed to generate a
large number of rank-one candidate solutions. Among these,
the solution that minimizes the objective function in (45b) is
selected.

C. Update B̃

Based on the optimized variable Φr after solving problem
(45), B̃ can be updated using equation (44).

D. Overall Algorithm

The details of solving problem (28) within the inner loop
based on BCD method are provided in Algorithm 3. In partic-
ular, we iteratively perform only Steps 3 and 4 and excluding
Step 5 in Algorithm 3, until convergence is achieved, as
no auxiliary variables {φ̃i} are introduced to decouple the
coupling between coupled phase-shift constraint and other
constraints. Similar to the case of independent phase-shift, the
computational complexity of optimizing the subproblem with
respect to ∆w in the coupled phase-shift scenario is O(((K+
3)6.5N6.5

t + N6.5) log(1/ε)), while the computational com-
plexity of optimizing {Φi} is O(((K + 2)6.5N6.5) log(1/ε)).

VI. SIMULATION RESULTS

In this section, we present numerical and simulation results
to evaluate the performance of the proposed MFS-aided ISAC
scheme. Specifically, we compare against the following base-
line schemes:
• Radar-Coupled/Radar-Independent: These baselines

do not impose the SINR constraint as defined in (23b).
That is, the MFS is used solely for target sensing, with-
out consideration for the communication performance
of users. For the Radar-Coupled scheme, we opti-
mize problem (27), whereas for the Radar-Independent
scheme, we optimize problem (28).

• STARS-Coupled/STARS-Independent: [10] These
baselines correspond to schemes without amplifiers at
the MFS. In this setting, we have Pi = IN ,∀i and
σI = 0. As a result, the second terms in Jϕϕ, Jϕα, and
Jαα as defined in (50), (51), and (52), respectively, are
omitted, yielding a CRB matrix consistent with that in
[10]. We optimize problem (27) for the STARS-Coupled
scheme and problem (27) for the STARS-Independent
scheme.

• MFS-WOPH/STARS-WOPH: In these baselines,
“WOPH” means “without optimizing phase-shift matrix”.
Thus, the phase-shift matrix is set to Θi =

√
1
2IN ,∀i

following power equal division.
In addition to the above baselines, the MFS-Coupled

and MFS-Independent schemes correspond to the proposed
design, optimized by solving problem (27) and problem (28),
respectively. Before presenting and discussing the numerical
results, we define the key simulation parameters used through-
out the evaluation, unless stated otherwise. The channels G and
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hk are modeled as Rician fading channels, a general model in
which the Rician factor κ controls the propagation condition:
κ → ∞ represents a line-of-sight (LoS) environment, while
κ = 0 corresponds to a non-line-of-sight (NLoS) scenario.
Then, the Rician fading models of G and hk are respectively
given by

G =
√

PLG

(√
κ

1 + κ
GLoS +

√
1

1 + κ
GNLoS

)
, (46)

hk =
√

PLk

(√
κ

1 + κ
hLoS
k +

√
1

1 + κ
hNLoS
k

)
, ∀k,

(47)

where ρ represents the path loss at the reference distance
of 1 m; PLG = −30 − 10ζG log10(dBM) dB and PLk =
−30 − 10ζk log10(dk) dB represent the large scale path loss
for channels G and hk [35], respectively, with dBM and dk
being the distances between the BS and the MFS as well as
the MFS and the kth user, respectively, and ζG and ζk being
the corresponding path loss exponents; GLoS and hLoS

k denote
the LoS links for channels G and hk, respectively, where
GLoS is constructed by multiplying steering vector of AoA
with that of angle-of-derivation (AoD) for channel G [36],
and the channel hLoS

k is constructed using the same method;
GNLoS and hNLoS

k are constructed by generating a random
matrix and a random vector, each entry of which follows
CN (0, 1). In this work, we set ρ = −30 dB, dBM = 30 m,
κ = 5 dB, and ζG = ζk = 2,∀k [10]. In addition, dk,∀k
is randomly generated from 20 m to 50 m. Regarding target
parameters, the distance between the MFS and the target is
set to ds = 30 m, and the azimuth AoA ϕh and elevation
AoA ϕv are set to ϕh = 120◦ and ϕv = 30◦. For fairness of
comparisons, we set the same maximum available total power
Ptot = 30 dBm for the proposed scheme and STARS scheme,
where Ptot = Pmax

R + Pmax
BS with Pmax

R = 0.2 Ptot for the
proposed scheme and Ptot = Pmax

BS for STARS scheme [16],
[37].6 The maximum available amplification factor is set to
Pmax

A = 5 dB. The number of elements, sensors, antennas, and
users are set to N = 5 × 2 = 10, Ns = 5, Nt = 10, K = 2,
respectively. The noises are set to σ2

I = σ2
u = σ2

s = −110 dBm
[10]. The minimum communication SINR threshold is set to
γ̄1 = . . . = γ̄K = 0 dB. Finally, we set the convergence
thresholds of Algorithm 1 and Algorithm 2 to 10−4, and
that of Algorithm 3 to 10−3.

A. Convergence Behavior of the Proposed Algorithm

Fig. 2 shows the convergence behavior of the proposed
algorithm. Specifically, the first sub-figure in Fig. 2 depicts

6Due to the introduction of phase shifters and amplifiers for adjustment
of phase-shift and amplification of power for incoming signals at the MFS,
respectively, there is an additional hardware consumption compared to conven-
tional RIS [7]. Specifically, the hardware consumption for the MFS is given
by 2(PPH + PDC)N + NsPs, where PPH, PDC [38], and Ps represent the
power consumptions of each phase shifter, direct current (DC) biasing for each
amplifier, and low-cost sensing sensors [16], respectively. Since we mainly
focus on the beamforming design for the CRB minimization problem in the
MFS aided ISAC system, the power consumption regarding the hardware cost
is ignored in this paper, as the main gap of the power consumption for different
surface aided ISAC systems is signal power.

Fig. 2. Convergence behavior of the proposed algorithm.

Fig. 3. Root CRB versus maximum available total power Ptot.

the convergence behavior of Algorithm 3, where the objective
value is shown in (27a). The second and the third sub-figures
in Fig. 2 depict the convergence behaviors of Algorithm 1
with respect to constraint violation and root CRB, respec-
tively, where the constraint violation is shown in Step 5 of
Algorithm 1, and the root CRB is computed by

√
Tr(CRBϕ)

according to Lemma 1. It can observed that, the proposed
algorithm converges to a stationary point with limited itera-
tions. Specifically, in the first sub-figure of Fig. 2, the proposed
algorithm converges within 8 iterations, while in the second
and the third sub-figures of Fig. 2, the proposed algorithm
converges within 6 iterations. This confirms the efficient and
stable convergence behavior of the proposed algorithm.

B. Impact of Maximum Available Total Power

Fig. 3 shows the root CRB versus the maximum avail-
able total power Ptot. We can observe that, the root
CRB of all schemes decreases as Ptot increases, since
the maximum available total power allows larger feasible
region, and in this case the BS and the MFS can allo-
cate more power for beamformer to align with the desired
users and the target. In addition, as Pmax

A increases, the
root CRBs of the MFS-Coupled/MFS-Independent and
Radar-Coupled/Radar-Independent schemes improve, since
a larger Pmax

A provides greater DoF in allocating the ampli-
fication factors. This enables the MFS beamformer to more
effectively align with the target, thereby enhancing sens-
ing performance. We can also observe that the root CRBs
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Fig. 4. Root CRB versus number of elements at the MFS, N .

of the MFS-WOPH scheme with Pmax
A = 5 dB and

Pmax
A = 15 dB and that of the STARS-WOPH scheme

has performance loss as compared with the case optimizing
phase-shift, which demonstrates the importance of optimiz-
ing the MFS beamforming matrix, Φi = PiΘi from the
perspective of maximum available total power, Ptot, as com-
pared to the case that only optimizes the MFS amplification
factor matrix Φi = Pi. Moreover, the root CRBs of the
MFS-Independent and STARS-Independent schemes are
lower than those of the MFS-Coupled and STARS-Coupled
schemes, respectively. However, the independent phase-shift
configurations, as adopted in the MFS-Independent and
STARS-Independent schemes, incur higher manufacturing
costs to achieve such improved sensing performance [10], [13].
Furthermore, although the root CRBs of the STARS-Coupled
and STARS-Independent schemes decrease more rapidly as
Ptot increases, there remain notable performance gaps between
the MFS-Coupled/MFS-Independent schemes and their
STARS-Coupled/STARS-Independent counterparts. This is
because the MFS actively amplifies the reflected/transmitted
signal before beamforming. This amplification compensates
for the severe path loss along the BS → MFS → target →
sensor echo path, which undergoes double-fading. As Ptot
increases, MFS can allocate more power to amplification,
further boosting the echo SNR at the embedded sensors,
whereas STARS is fundamentally limited by its passive nature
and cannot exploit the additional power budget in the same
way. This clearly demonstrates the substantial potential of
deploying MFS in ISAC systems, offering superior sensing
performance compared to STARS-based solutions.

C. Impact of Number of Elements at the MFS

Fig. 4 shows the root CRB versus the number of elements at
the MFS, N . We can also find that, the schemes without opti-
mizing phase-shift, that is, the scheme of MFS-WOPH with
Pmax

A = 5 dB and Pmax
A = 15 dB and that of STARS-WOPH

decreases with the increasing of number of elements, but both
of these two schemes suffer from performance degradation in
terms of CRB from the perspective of number of elements at
the MFS. This means that we need to incorporate phase-shift
matrix into the optimization for avoiding CRB degradation. We
can also find that, the root CRB of all schemes decreases with

Fig. 5. Root CRB versus number of sensing sensors at the MFS, Ns.

the increasing of N . This is because the increasing of number
of elements at the MFS increases the number of controllable
links brought by the MFS, resulting in more transmitting and
reflecting links for better serving communication users and
the target. Additionally, a higher maximum available ampli-
fier power Pmax

A leads to greater improvements in sensing
performance for the MFS-Coupled/MFS-Independent and
Radar-Coupled/Radar-Independent schemes, compared to
deploying STARS for ISAC functionality. The performance
gain from increasing N is more pronounced for MFS than
STARS. This is because each additional MFS element con-
tributes not only an extra controllable propagation path but also
an additional amplification degree of freedom. Specifically,
with N elements, the MFS can coherently amplify and steer
N independent signal components toward the target, resulting
in an array gain that scales more favorably than the passive
beamforming gain of STARS.

D. Impact of Number of Sensors at the MFS

Fig. 5 illustrates the root CRB as a function of the number
of sensors Ns at the MFS. It can also be observed that
the root CRB of all schemes decreases as Ns increases.
This is because a larger number of sensors introduces more
controllable links, thereby enhancing the number of echo
paths for improved target sensing. Moreover, the performance
gaps between the MFS-Coupled/MFS-Independent schemes
and STARS-Coupled/STARS-Independent baselines remain
significant. The persistent performance gap between MFS and
STARS as Ns grows can be attributed to the signal quality
at each sensor. With STARS, the echo signal arriving at each
sensor has already suffered double-path loss without any com-
pensation, so adding more sensors primarily averages weak
signals. With MFS, the amplified echo signal carries higher
SNR per sensor, meaning each additional sensor contributes a
more informative observation to the FIM. This further confirms
the advantage of deploying MFS in ISAC systems, especially
as the number of sensors increases.

E. Impact of Minimum Communication SINR Threshold

Fig. 6 illustrates the root CRB as a function of the minimum
communication SINR threshold, γ̄k. It can be observed that as
γ̄k increases, the root CRB increases for all schemes, except
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Fig. 6. Root CRB versus minimum communication SINR threshold, γ̄k .

Fig. 7. Root CRB versus number of sensing blocks, L.

for the Radar-Coupled and Radar-Independent schemes.
This is because a higher SINR threshold requires more beam-
forming power to be allocated to communication users in order
to satisfy stricter quality-of-service demands. Consequently,
less power is available for sensing, which leads to a degra-
dation in sensing performance, reflected by the increased root
CRB. The Radar-Coupled and Radar-Independent schemes
remain unaffected because they are designed solely for sensing
and do not impose communication constraints. In addition, the
root CRB gaps between MFS-Coupled/MFS-Independent
and Radar-Coupled/Radar-Independent increase as γ̄k
increases, with the root CRB of Radar-Coupled/Radar-
Independent remaining unchanged. This is because the
Radar-Coupled/Radar-Independent scheme is not affected
by the communication metric γ̄k.

F. Impact of Number of Sensing Blocks

Fig. 7 shows root CRB versus the number of sensing blocks,
L. It can be observed that the root CRB of all schemes
decreases as L increases, demonstrating the improved sensing
performance when the number of sensing blocks increases.
Specifically, the increased number of blocks allows more
time for sensing function, resulting in progressive increase
for receiving sensing echo signal. Additionally, the proposed
scheme with the help of an MFS is superior to the scheme with
the help of an STARS, regardless of whether the phase-shift
is coupled or independent. These discussions demonstrate the
superiority of introducing MFS in ISAC systems in terms of
CRB.

Fig. 8. Root CRB versus angle estimation error level, ∆ϕu.

G. Impact of AoA Estimation Error and Hardware
Impairment

In this work, the perfect CSI of sensing links including the
parameters of AoA is assumed. To investigate the robustness
performance of the proposed scheme with the aid of an
MFS, we present Fig. 8. Specifically, in Fig. 8, “HI” and
“W/O HI” represent the MFS or STARS with and with-
out hardware impairment, respectively. We first discuss the
AoA estimation error and hardware impairment models in
the following. According to [39], the estimation uncertainty
model of the estimated angle for the target can be expressed
as ϕu = ϕ̂u + ∆ϕu, where ϕ̂u, u ∈ {h, v} denotes the
estimated angle, and ∆ϕu denotes the corresponding AoA
estimation error. In addition, the impact of hardware impair-
ment at the MFS on the received signal at the users and the
target can be modeled by inserting a random diagonal phase
noise matrix, Θ̃i,∀i ∈ {r, t}, where each diagonal element
[Θ̃i]n,n = ejϑ

i
n with ϑin representing the phase noise caused

by hardware impairment at the MFS and following uniform
distribution within [−π/2, π/2] [40], so that the received
signal at the kth user and the target are respectively given
by

yTk = hHk Φ̃tGX + hHk Φ̃tNI + nTu , (48)

ylr = H̃Φ̃rGxl + H̃Φ̃rn
l
I + nls, (49)

where Φ̃i = ΦiΘ̃i. Based on the above, Fig. 8 shows the
root CRB versus angle estimation error level under the case
with and without hardware impairment. It can be seen from
Fig. 8 that, the root CRB of all schemes increases as the
CSI uncertainty level increases. This reflects the mismatch
of the beamforming design between the perfect AoA estima-
tion and the imperfect AoA estimation. In the case without
hardware impairment, the STARS scheme incur a 24.63% and
39.43% performance losses for the coupled phase-shift and
the independent phase-shift architectures, respectively, when
the AoA estimation error is ∆ϕu = 10◦,∀u ∈ {h, v}, as
compared with the case with perfect AoA estimation. Fortu-
nately, when the AoA estimation is ∆ϕu = 10◦,∀u ∈ {h, v},
the proposed MFS scheme only has 4.73% and 2.96% per-
formance losses for the coupled phase-shift and independent
phase-shift architectures, respectively. When the assumed AoA
deviates from the true value, the beamforming matrix Φr is
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no longer perfectly aligned with the target direction, causing
a beamforming gain loss. In other words, MFS trades some
amplification power for robustness against steering errors. This
means that the proposed MFS scheme presents a stronger
robustness to AoA estimation error. Moreover, the impact of
hardware impairment is shown in dashed lines as shown in
Fig. 8. We can observe that, although the hardware impairment
degrades the root CRB value of all schemes, the proposed
independent/coupled phase-shift MFS scheme outperforms the
STARS scheme, which demonstrates the superiority of the
proposed MFS scheme.

VII. CONCLUSION

In this work, we proposed an MFS to enhance ISAC.
In the proposed scheme, the BS transmits the ISAC signal
to the MFS, which amplifies the incoming signal and then
performs simultaneous transmission and reflection, serving
communication users and the sensing target, respectively.
To evaluate sensing performance, we derived a closed-form
CRB that accounts for the dynamic noise introduced by the

amplifiers at the MFS–a key distinction from existing CRB
formulations used in other ISAC systems. Furthermore, we
developed efficient optimization methods to minimize the CRB
under a variety of practical constraints, for both coupled
and independent phase-shift configurations. Simulation results
demonstrated that the proposed scheme outperforms existing
baselines, including recently studied approaches based on
STARS.

For the future work of this paper, the extension of the MFS,
multi-functional topological metasurfaces [41], [42], having
modular and programmable meta-atoms and the capability
of manipulating surface and space electromagnetic waves,
is expected to deploy in the ISAC system, as compared
to the proposed MFS which manipulates electromagnetic
wave, and in this way the topological surface for control-
ling the surface waves will be studied in the future. In
addition, the broader performance metrics, e.g., achievable
rage, latency, energy efficiency, detection probability, and
false alarm probability will be investigated in our future
work.
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APPENDIX A
PROOF OF LEMMA 1

First, by vectoring Yr in (19) as ȳr, we have
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(53)
Then, by conditioning ζ, we have ȳr ∼ CN (u,C). Based

on [30], each element in (21) can be obtained by [F]u,w =
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covariance matrix C, we need to acquire the covariance matrix
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where
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With (54), Jϕϕ, Jϕα, and Jαα can be obtained, which are
respectively given in (50)-(52) which completes the proof.

APPENDIX B
PROOF OF PROPOSITION 2

First, we can observe that problem (37) can be divided into
N subproblems that can be optimized in parallel as follow

min
{β̃i,n}

∑
i

(
β̃2
i,n + ai,nβ̃i,n

)
, (55a)

s.t. β̃2
t,n + β̃2

r,n ≤ Pmax
A , β̃i,n ≥ 0, ∀i. (55b)

From a geometric point of view, problem (55) is a quar-
ter circle projection problem. Consequently, we discuss the
closed-form solution of problem (55) in the following four
cases.

1) at,n ≥ 0 and ar,n ≥ 0: In this case, it can be
readily seen that the minimum of (55a) is zero, since
all variables in (55a) are larger than or equal to zero.
Therefore, we can easily obtain that β̃i,n = 0 to achieve
minimum of the objective.

2) at,n < 0 and ar,n ≥ 0: In this case, similar to the
previous case, β̃r,n needs to be set to zero to achieve the

minimum of β̃2
r,n+ar,nβ̃r,n, such that β̃2

r,n+ar,nβ̃r,n =
0. Therefore, problem (55) for the case of ar,n = 0 is
reformulated as in the following
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s.t. β̃2
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A . (56b)

Then, we can use Lagrange multiplier method to obtain
the optimal closed-form solution of {β̃t,n} for convex
problem in (56). Specifically, the Lagrangian of problem
(56) is given by
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where λn represents the Lagrange multiplier. Then, the
Karush–Kuhn–Tucker (KKT) conditions of problem (56)
is [43]

K1:
∂L̄
∂β̃t,n

= 2β̃op
t,n + at,n + 2λop

n β̃
op
t,n = 0,

K2:
(
β̃op
t,n

)2

≤ Pmax
A , K3: λop

n ≥ 0,

K4: λop
n

((
β̃op
t,n

)2

− Pmax
A

)
= 0, (58)

where {·}op denotes the optimum. Note that in the KKT
condition K4, if λop

n > 0, we have β̃op
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3) at,n ≥ 0 and ar,n < 0: In this case, the optimal

closed-form solution can be easily derived using the
same method as for the previous case (at,n < 0 and
ar,n ≥ 0).

4) at,n < 0 and ar,n < 0: In this case, we can first obtain
the closed-form solutions for unconstrained version of
problem (55), which are given by β̃r,n =
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where λ̃n represents the Lagrange multiplier. Then, the
KKT conditions of problem (55) is [43]

K̃1 :
∂L̃
∂β̃i,n

= ai,n + 2λ̃op
n β̃

op
i,n = 0,

K̃2 :
(
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= 0. (60)

Note that in the KKT condition K̃1, if λop
n = 0, we have

ai,n = 0, which violates the condition ai,n < 0. Hence,
λop
n > 0 holds, which implies that (β̃op

r,n)2 + (β̃op
t,n)2 −

Pmax
A = 0 from the KKT condition K̃4. Therefore, we

can put β̃op
r,n = − ar,n
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n
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n
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Combining β̃op
r,n = − ar,n

2λop
n

, β̃op
t,n = − at,n

2λop
n

, and (61)
yields β̃r,n = ςr,n and β̃t,n = ςt,n.

This completes the proof of Proposition 2.
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